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Abstract
Let N0 be the set of all non-negative integers. An integer additive set-
indexer of a graph G is an injective function f : V (G) → 2N0 such that the
induced function gf : E(G) → 2
N0 defined by f+(uv) = f(u)+f(v) is also
injective. An IASI is said to be k-uniform if |f+(e)| = k for all e ∈ E(G).
In this paper, we introduce the notions of strong integer additive set-
indexers and initiate a study of the graphs which admit strong integer
additive set-indexers.
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1 Introduction
For all terms and definitions, not defined specifically in this paper, we refer to
[19]. Unless mentioned otherwise, all graphs considered here are simple, finite
and have no isolated vertices.
The researches in the field of graph labeling commenced with the introduc-
tion of the notion of graceful labeling of graphs in [23]. Analogous to the number
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valuations of graphs, the notion of set-valuations of graphs was introduced in
[1].
Let us first consider the following notions of a set-labeling and a set-indexer
of a given graph G.
Definition 1.1. [1] Let G be a graph and let X , Y , Z be non-empty sets.
Then, the functions f : V (G)→ 2X , f : E(G)→ 2Y and f : V (G)∪E(G)→ 2Z
are called the set-assignments of vertices, edges and elements of G respectively.
By a set-assignment of a graph, we mean any one of them. A set-assignment
f of a graph G is called a set-labeling or a set-valuation of G if it is injective.
A graph G with a set-labeling f is denoted by (G, f) and is called a set-labeled
graph or a set-valued graph.
Definition 1.2. [1] For a graph G(V,E) and a non-empty set X of cardinality
n, a set-indexer of G is defined as an injective set-valued function f : V (G)→ 2X
such that the function f⊕ : E(G)→ 2X − {∅} defined by f⊕(uv) = f(u)⊕f(v)
for every uv∈E(G) is also injective, where 2X is the set of all subsets of X and
⊕ is the symmetric difference of sets.
Definition 1.3. [21] The sum set of two sets A,B, denoted by A+B, is defined
by A+B = {a+ b : a ∈ A, b ∈ B}.
Note that if either A or B is countably infinite, then their sum set will also
be countably infinite. Hence, all sets we consider here are finite sets. We denote
the cardinality of a set A by |A|. Using the concepts of sum sets of finite sets, the
notion of an integer additive set-indexer of a given graph G has been introduced
as follows.
Definition 1.4. [16] Let N0 be the set of all non-negative integers and let
2N0 be its power set. Then, an integer additive set-indexer (IASI, in short) of
a given graph G is defined as an injective function f : V (G) → 2N0 such that
the induced function f+ : E(G)→ 2N0 defined by f+(uv) = f(u) + f(v) is also
injective.
Definition 1.5. [17] The cardinality of the labeling set of an element (vertex
or edge) of a graph G is called the set-indexing number of that element.
Definition 1.6. [16] An IASI is said to be k-uniform if |f+(e)| = k for all
e ∈ E(G). That is, a connected graph G is said to have a k-uniform IASI if all
of its edges have the same set-indexing number k.
In particular, we say that a graph G has an arbitrarily k-uniform IASI if G
has a k-uniform IASI for every positive integer k.
In [17], we have proved the following results on weakly uniform and arbi-
trarily uniform IASIs.
Lemma 1.7. [17] Let A and B be two non-empty finite subsets of N0. Then
max(|A|, |B|) ≤ |A+B| ≤ |A||B|.
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Remark 1.8. Due to Lemma 1.7, it is clear that for an integer additive set-
indexer f of a graph G, max(|f(u)|, |f(v)|) ≤ |f+(uv)| = |f(u) + f(v)| ≤
|f(u)||f(v)|, where u, v ∈ V (G).
Definition 1.9. [17] An IASI f of a graph G is said to be a weak IASI if
|f+(uv)| = max(|f(u)|, |f(v)|) for all u, v ∈ V (G).
The following results are a necessary and sufficient condition for an IASI to
be a weak IASI and a weakly uniform IASI respectively, of a given graph G.
Lemma 1.10. [17] An IASI f of a graph G is a weak IASI if and only if at
least one end vertex of every edge of G has the set-indexing number 1.
Lemma 1.11. [17] An IASI f of a graph G is a weakly k-uniform IASI if and
only if one end vertex of every edge of G has the set-indexing number 1 and the
other end vertex has the set-indexing number k, where k is a positive integer.
In this paper, we study a special type of integer additive set-indexer of a
graph G called a strong integer additive set-indexer of G.
2 Strong Integer Additive Set Indexers
First note that all the sets we consider during this discussion, are non-empty,
finite sets of non-negative integers. In view of Lemma 1.7, the maximum car-
dinality of the sum set of two non-empty finite sets is the product of the cardi-
nalities of each individual sets. That is, for two non-empty finite sets A and B,
we have |A + B| ≤ |A| |B|. In this context, the study regarding characteristics
of graphs in which the set-indexing number of every edge is the product of the
set-indexing numbers of its end vertices arises much interest. Hence, we define
Definition 2.1. If a graph G has a set-indexer f such that |f+(uv)| = |f(u)+
f(v)| = |f(u)| |f(v)| for all vertices u and v of G, then f is said to be a strong
IASI of G.
Definition 2.2. If all the vertices of a graph G has the same set-indexing
number, say l, then V (G) is said to be l-uniformly set-indexed. If G is a graph
which admits a k-uniform IASI and V (G) is l-uniformly set-indexed, then G is
said to have a (k, l)-completely uniform IASI or simply a completely uniform
IASI.
Lemma 2.3. Let A, B be two non-empty distinct subsets of N0. Then, |A+B| =
|A| |B| if and only if the differences between any two elements of one set are not
equal to any differences between any two elements of the other.
Proof. Due to Lemma 1.7, we have |A+B| ≤ |A| |B|. We have |A+B| 6= |A||B|
if and only if ai+ bj = ar + bs for some ai, ar ∈ A and bj, bs ∈ B. That is, when
ai−ar = bs− bj . Therefore, |A+B| = |A| |B| if and only if ai−ar 6= bs− bj for
any ai, ar ∈ A and bj , bs ∈ B. Let DA = {dij : dij = ai − aj; ai, aj ∈ A} and let
DB = {drs : drs = br − bs; br, bs ∈ B}. Then, it is clear that |A + B| = |A| |B|
if and only if no element of DA is equal to an element of DB.
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The set of all positive differences between any two elements of a set A is
called the difference set of A and can be denoted by DA. That is, DA =
{ai−aj : ai, aj ∈ A}. Hence, we propose the following theorem which establishes
a necessary and sufficient condition for a complete graph Kn to admit a strong
IASI.
Notation 2.4. Let A and B be two non-empty subsets of N0. We use the
notation A < B in the sense that a 6= b for all a ∈ A and b ∈ B. That is,
A < B =⇒ A ∩B = ∅. Also, by the sequence A1 < A2 < A3, . . . An, we mean
that all the sets Ai are pairwise disjoint.
Theorem 2.5. Let each vertex vi of the complete graph Kn be labeled by the
set Ai ∈ 2N0 . Then, Kn admits a strong IASI if and only if there exists a finite
sequence of sets D1 < D2 < D3 < . . . < Dn where each Di is the difference set
of the set-label Ai.
Proof. Assume that Kn admits a strong IASI. Let {v1, v2, v3, . . . , vn} be the
vertex set of Kn. Let each vertex vi is labeled by the set Ai in 2
N0 . Define
the set Di by Di = {air − ais : air , ais ∈ Ai} which is the set of all differences
between any two elements of Ai. Since the vertex v1 is adjacent to v2, without
loss of generality, assign the set A1 to v1 and the set A2 to the vertex v2. Then,
by Lemma 2.3, we have D1 < D2. Since v2 is adjacent to v3, assign A3 to v3
so that D2 < D3. Combining these two, we get D1 < D2 < D3. Proceeding in
this way, for i < j, assign the set Ai to vi and the set Aj to vj so that Di < Dj .
After all possible assignments, we get D1 < D2 < D3 < . . . < Dn.
Conversely, assume that each vertex vi of the complete graph Kn is labeled
by a non-empty set Ai ∈ 2N0 such that there exists a finite sequence of sets
D1 < D2 < D3 < . . . < Dn where each Di is the set of all differences between
any two elements of the set Ai. Then, for each edge vivj , i < j we haveDi < Dj .
Hence, by Lemma 2.3, |f+(vivj)| = |f(vi)| |f(vj)| for all vi, vj ∈ V (G), i < j.
Therefore, G admits a strong IASI.
Theorem 2.6. If a graph G admits a strong IASI, then its subgraphs also admit
strong IASI.
Proof. Let G be a graph which admits a strong IASI and H be a subgraph of G.
Let g be the restriction of f to V (H). Then g+ is the corresponding restriction
of f+ to E(H). Then, clearly g is a set-indexer on H . This set-indexer may
be called an induced set-indexer on H . Since |f+(uv)| = |f(u)| |f(v)| for all
u, v ∈ V (G), we have g+(uv) = |g(u)| |g(v)| for all u, v ∈ V (H). Hence, H has
a strong IASI.
The following result is a general condition for a general graph to admit a
strong IASI.
Corollary 2.7. A connected graph G (on n vertices) admits a strong IASI if
and only if each vertex vi of G is labeled by a set Ai in 2
N0 and there exists a
finite sequence of sets D1 < D2 < D3 < . . . < Dm, where m ≤ n is a positive
integer and each Di is the set of all differences between any two elements of Ai.
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Proof. Note that every graph on n vertices is a subgraph of Kn. Then, by The-
orem 2.6, a strong IASI defined on Kn induces a strong IASI on G. Therefore, a
finite subsequence of the sequence of difference sets of Kn will be the sequence
of difference sets of G. This complete the proof.
In view of Theorem 2.6, an interesting question we need to answer is whether
a strong IASI of a graph G induces to some other graph structures formed from
G by removing or identifying some of its elements (vertices or edges). First,
recall the following notion.
Definition 2.8. [20] Let G be a connected graph and let v be a vertex of G
with d(v) = 2. Then, v is adjacent to two vertices u and w in G. If u and w
are non-adjacent vertices in G, then delete v from G and add the edge uw to
G− {v}. This operation is known as an elementary topological reduction on G.
If H is a graph obtained from a graph G after a finite number of elementary
topological reductions, then we say that G and H are homeomorphic graphs.
The following theorem establishes a necessary and sufficient condition for a
graph homeomorphic to a given strong IASI graph G to admit a strong IASI.
Theorem 2.9. Let G be a graph which admits a strong IASI. Then, any graph
H, obtained by applying a finite number of elementary topological reductions on
G, admits a strong IASI if and only if there exist the same number of paths P2,
not the part of any triangle in G, such that the difference sets of the set-labels
of their vertices are pairwise disjoint.
Proof. Let G be a graph which admits a strong IASI. Let v be a vertex of G
with d(v) = 2. Then v is adjacent two vertices u and w in G. Then we have
|f+(uv)| = |f(u)| |f(v)| and |f+(vw)| = |f(v)| |f(w)|. Let Au, Av and Aw be the
labeling sets of u, v, w respectively. Also let Du, Dv, Dw be the corresponding
sets of all differences between the elements of Au, Av, Aw respectively.
Assume that G′ = (G− v) ∪ {uw} admits a strong IASI. Then, |f+(uw)| =
|f(u)| |f(w)|. Therefore, by 2.3, the sets all differences of the set-labels of u and
w are pairwise disjoint in G′. That is, Du < Dw in G
′. Hence, the path uvw
in G whose vertices have the set-labels with the difference sets of these vertices
are pairwise disjoint.
Conversely, assume that the difference sets of the set-labels of whose vertices
are pairwise disjoint.That is, Du < Dv < Dw. Now, delete v from G. Let
G′ = (G−v)∪{uw}. Here, we haveDu < Dw. Then, by Lemma 2.3, |f+(uw)| =
|f(u)| |f(w)| in G′. All other vertices and edges are the same in G′ and G.
Therefore, G′ admits a strong IASI. This completes the proof.
Figure ?? depicts the existence of strong IASIs of the graphs H1, and H2
which are obtained by applying finite number of elementary topological reduc-
tions on G.
In the following section, we are going to discuss about the strongly uniform
integer additive set-indexers of given graphs.
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Figure 1
3 Strongly Uniform Integer Additive Set-Indexers
Definition 3.1. A graph G is said to have a strongly uniform IASI if there
exists an IASI f defined on G such that |f+(uv)| = k = |f(u)| |f(v)| for all
u, v ∈ V (G), where k is a positive integer.
In other words, we can say that a strong integer additive set-indexer f of
a graph G is said to be a strongly k-uniform integer additive set-indexer if
|f+(e)| = k for all e ∈ E(G), where k is a positive integer. In view of the above
definition, we note the following.
Remark 3.2. If a graph G admits a strongly k-uniform IASI, then every
edge of G has the set-indexing number which is the product of the set-indexing
numbers of its end vertices. Equivalently, if G admits a strongly k-uniform IASI,
the set-indexing number of a vertex of G is a divisor of the set-indexing number
of an edge of G which incidents on it.
Remark 3.3. Let G be a graph which admits a strongly k-uniform IASI. Let n
be the number of divisors of k. Then by Remark 3.2, each vertex of G has some
set-indexing number di, which is a divisor of k. Hence, V (G) can be partitioned
into at most n sets, say (X1, X2, . . . , Xn) where each Xi consists of the vertices
of G having the set-indexing number di.
Let us now proceed to discuss the admissibility of strongly uniform IASIs
by certain graphs and conditions required for their existence for various graphs.
The following theorem establishes the admissibility of strongly uniform IASIs
by bipartite graphs.
Theorem 3.4. For any positive integer k, all bipartite graphs admit a strongly
k-uniform IASI.
Proof. Let G be a bipartite graph. Let (X,Y ) be the bipartition of V (G).
Our aim is to develop a set-indexer for G so that each edge of it has a set-
indexing number k. We label the vertices of X and Y in the following way.
Let m and n be two positive integers such that mn = k. Now assign the set
{i, i+1, i+2, · · · i+(m−1)} to the vertex ui inX . Let vj be a vertex in Y which is
adjacent to ui. Now assign the set {j, j+m, j+2m, · · · j+(n−1)m} to the vertex
vj . Now the edge uivj has the set-indexer {i+j, i+j+m, i+j+2m, · · ·i+j+(n−
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1)m, i+1+j, i+1+j+m, i+1+j+2m, · · ·i+1+j+(n−1)m, · · · i+(m−1)+j, i+
(m−1)+j+m, · · · i+(m−1)+j+(n−1)m}. That is, the set-indexer of uivj is
{i+j, i+j+1, i+j+2, · · · , i+j+(m−1), i+j+m, i+j+m+1, i+j+m+2, · · ·i+
j+2m− 1, i+ j+2m, i+ j+2m+1, · · · , 1+ j+(n− 1)m, · · · , i+ j+mn− 1}.
Therefore, the set-indexing number of uivj is mn = k. Since ui and vj are
arbitrary elements ofX and Y respectively, the above argument can be extended
to all edges in G. That is, all edges of G can be assigned by a k-element set.
Therefore, G admits a strongly k-uniform IASI.
The following result is a special case when the number k, we consider above
is a prime number.
Corollary 3.5. If p is a prime number, then a strongly p-uniform IASI of a
bipartite graph G is also a weakly p-uniform IASI for G.
Proof. Let f be a strongly p-uniform IASI of a given graph G, where p be a
prime integer. Then, p has only two divisors 1 and p. By Theorem 3.4, the
given graph G has a strongly p-uniform IASI if m = 1 and n = p (or m = p and
n = 1). Hence, by Lemma 1.11, this IASI f is also a weakly p-uniform IASI of
G.
Invoking Theorem 3.4 and Corollary 3.5, we have the following result.
Corollary 3.6. A bipartite graph has distinct weakly k-uniform IASI and strongly
k-uniform IASI if and only if k is a positive composite integer.
Proof. By Theorem 3.4, it is clear that every bipartite graph admits a strongly
k-uniform IASI. If k is a composite number, we can find two integers m and n
such that m 6= n 6= 1 and mn = k. Then by Theorem 3.4, the given graph G
admits a strongly k-uniform IASI where k = mn. Conversely, let G has distinct
weakly and strongly k-uniform IASIs. Then by Corollary 3.5, p is not a prime
number. Therefore, k is a positive composite integer.
Figure ?? illustrates some strong uniform IASIs for bipartite graphs. It may
be noted that the second graph in Figure ?? is a 4-uniform IASI as well as a
(4, 2)-completely uniform IASI.
Figure 2
The following theorem discusses a condition required for a complete graph
to admit a strongly k-uniform IASI.
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Theorem 3.7. A strongly k- uniform IASI of a complete graph Kn is a (k, l)-
completely uniform IASI, where l =
√
k.
Proof. Since all distinct pairs of vertices are adjacent in Kn, Kn admits a
strongly k- uniform IASI when the set-indexing number of all vertices of Kn
are equal, say l. Therefore, Kn admits (k, l)-completely uniform IASI. Here
l2 = k.
To proceed further, we need the following results from the number theory.
Proposition 3.8. [7] If m a non-square integer, then for every divisor d of
m there exists another divisor m
d
for m. That is, the number of divisors of a
non-square integer is even.
Proposition 3.9. [7] If m a perfect square integer, then for every divisor d of
m there exists another divisor m
d
for m except for the divisor di =
√
k. That is,
the number of divisors of a perfect square is odd.
In view of Proposition 3.8 and Proposition 3.9, we have the following theo-
rem.
Theorem 3.10. Let G be a graph which admits a strongly k-uniform IASI.
Also, let n be the number of divisors of k. Then if k is a non-square integer,
then G has at most n
2
bipartite components and if k is a perfect square integer,
then G has at most of n+1
2
components in which at most n−1
2
components are
bipartite components.
Proof. Let G be the graph which admits a strongly k-uniform IASI. Also let
k = d1d2d3.......dn.
Case 1: Let k be a non-square integer. Then, by Result 3.8, the number of
divisors n of k is even. By Remark 3.3, V (G) can be partitioned into at most
n sets. Let this partition be (X1, X2, X3, ....., Xn), where each Xi is the set of
vertices having set-indexing number di. Since G admits a maximal k-uniform
IASI, each vertex of Xi is adjacent to some vertices of Xj so that di.dj = k.
Also, no two vertices of Xi and no two vertices of Xj are adjacent and no two
vertices of both the sets can not be adjacent to the vertices of any other set Xk
of G. That is, (Xi, Xj) is a component of G which is bipartite. We can find at
most n
2
such bipartite components (Xi, Xj) of G.
Case 2: Let k be a perfect square. Then, by Result 3.9, the number of divisors
n of k is odd. As in Case 1, for each Xi of V (G), we can find a set Xj such that
(Xi, Xj) is a bipartite component ofG except for the setXr whose corresponding
divisor dr =
√
k. But no vertex of Xr can be adjacent to a vertex of any other
set Xi, i 6= r. Hence, the induced subgraph [Xr] of G is a component of G such
that the vertices in Xr are adjacent to some vertices of itself. Therefore, G has
at most n−1
2
bipartite components and the component [Xr]. That is, G has at
most n+1
2
components of which n−1
2
are bipartite components.
Remark 3.11. From Theorem 3.10, if the vertex set of a graph G admitting
a strongly k-uniform IASI, is partitioned into more than two sets, then G is a
disconnected graph.
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Corollary 3.12. Let k be a non-square integer. Then a graph G admits a
strongly k-uniform IASI if and only if G is bipartite or a union of disjoint
bipartite components.
Proof. Let k be a non-square integer and let the graph admits a strongly k-
uniform IASI. Then by Remark 3.3, V (G) can be partitioned into at most n
sets, where n is even, and G has at most n
2
bipartite components. If n = 2, G
has one bipartite component and hence G is a bipartite graph. If n > 2, then by
Theorem 3.12, G has more than one bipartite component. Hence, G is a union
of bipartite components.
Recall that a clique of a graph G is a maximal complete subgraph of G.
Corollary 3.13. If a graph G, which admits a strongly k-uniform IASI, then
it contains at most one component which is a clique.
Proof. From Theorem 3.10, it is clear that all components of G are bipartite if
k is a non-square integer. If k is a perfect square, then there exists exactly one
component of G in which some vertices are adjacent to some other vertices of
itself. Hence, G can contain at most one component that is clique.
Corollary 3.14. Let the graph G has a strongly k-uniform IASI. Hence, if G
has a component which is a clique, then k is a perfect square.
Proof. Let the graph G admits a strongly k-uniform IASI. From Theorem 3.10,
if k is a non-square integer, all the components of G are bipartite. Then, if one
component of G is a clique, it can not be bipartite. Therefore, k can not be a
non-square integer. Hence, k is a perfect square.
In view of the results discussed above, we establish the following theorem.
Theorem 3.15. A connected non-bipartite graph G admits a strongly k-uniform
IASI if and only if k is a perfect square and this IASI is a (k, l)-completely
uniform, where l =
√
k.
Proof. Let G be a connected non-bipartite graph which admits a strongly k-
uniform IASI. Then, by Corollary 3.12, k must be a perfect square. Then, by
Case 2 of Theorem 3.10, since G is connected, each vertex of G must have a
set-indexing number l =
√
k. Hence, this IASI of G is (k, l))-completely uniform
IASI. Conversely, assume that G is (k, l)-completely uniform IASI where l =
√
k.
Then each edge of G has the set-indexing number k = l2 and hence G is strongly
k-uniform IASI.
Invoking the above results, more generally we have
Theorem 3.16. A connected graph G admits a strongly k-uniform IASI if and
only if G is bipartite or this IASI is a (k, l)-completely uniform IASI of G, where
k = l2.
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4 Conclusion
In this paper, we have given some characteristics of the graphs which admit
strong IASIs and strongly k-uniform IASIs. More properties and characteristics
of weak and strong IASIs, both uniform and non-uniform, are yet to be investi-
gated. More studies may be done in the field of IASI when the ground set X is
finite instead of the set N0.
We have formulated some conditions for certain graphs to admit weakly
and strongly uniform IASIs. The problems of establishing the necessary and
sufficient conditions for various graphs and graph classes to admit these types
of uniform IASIs have still been unsettled. Certain IASIs which assign set-
labels having specific properties, to the elements of given graphs also seem to
be promising for further investigations. All these facts highlight the wide scope
for intensive studies in this area.
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